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A comprehensive study of electromagnetic wave propagation is conducted in linear, homogeneous, and lossless
biuniaxial media that are optically active and placed in a constant magnetic field. The dispersion equation is
derived, and the coupled effects of the optical activity and Faraday effect are discussed. These effects include
the inequality of the refractive indices in opposite directions of propagation and the conceptual possibility of

trirefringence.
of the constant magnetic induction field.

Clear manifestations of these effects occur when the direction of propagation is parallel to that
In such a case, closed-form solutions for the refractive indices, the

field vectors, and the wave polarizations are derived. © 1997 Optical Society of America

[S0740-3232(97)00808-9]

1. INTRODUCTION

Optical activity has been a topic of interest since the early
19th century. Excellent reviews of recent contributions
to this field can be found in the literature."?> With the
prospects of optical chips taking over the process of com-
putations at the speed of light, optically active media may
prove to be useful in meeting the hardware requirements.
The use of chiral materials has been investigated in opti-
cal fibers and waveguides®® and as polarization
transformers,® light modulators,'®!! and optically unidi-
rectional isolators.!?

Although the majority of the naturally occurring active
media are anisotropic,'®> most of the attention has been
given to isotropic chiral media. The characteristics of
wave propagation in optically active anisotropic media
were not investigated until recently.'*2° In addition, ex-
cept for few recent papers,'42°-25 the lack of studies in
media that possess natural and induced optical activities
simultaneously has masked interesting results that may
well be needed for the advance of optical technology.

This paper is a comprehensive coordinate-free study of
electromagnetic wave propagations in biuniaxial, homo-
geneous, linear, and lossless media that are optically ac-
tive and placed in a constant magnetic induction field,
B, = Byc, that is applied in the direction of the optic axis
of the material, €.

We denote a scalar by a light face letter (e.g., &, w), a
vector by boldface letter (e.g., k, H), a unit vector by a
caret above the vector (e.g., €), a matrix by an overbar
(e.g., €), the transpose of a matrix by a tilde (e.g., 7), a
Hermitian conjugate by a dagger (e.g., €'), and a complex
conjugate by an asterisk (e.g., k*, €*).

2. BASIC EQUATIONS

The study of electromagnetic phenomena involves the so-
lution of Maxwell’s equations (ME’s) in conjunction with
the constitutive relations (CR’s).
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A. Maxwell’s Equations

We consider monochromatic simple-harmonic time-
varying fields. In this case the ME’s take the following
form in terms of the complex-constant amplitudes of the
field vectors5:

k X E = 0B, (1a)
kX H= —-0wD, (1b)
k-D=k -B=0, (1c)

where E, H, D, and B represent the complex-constant am-
plitudes of the electric and magnetic field intensities and
the electric and magnetic flux densities, respectively. k
= kk is the wave vector, & = 27/\ is the wave number,
k is the wave normal, which is a unit vector in the direc-
tion of k, \ is the wavelength, and o is the angular fre-
quency. The plane wave is perpendicglar to k,Aand it
travels with the phase velocity v, = v,k = (0/k)k. We
define the refractive-index vector by

n =Kk = (clo)k = (klky)k, 2)

where ¢ = (ey/po) Y2~ 3 X 10® m/s is the velocity of
light in free space, ko = w(eqmo)? = w/c m™! is the
wave number in free space, and e, ~ 8.854 X 1012
~ (1/367) X 10°° F/m and puq =47 X 107" H/m are
the permittivity and the permeability of vacuum, respec-
tively.

B. Constitutive Relations
Electromagnetic properties are specified by their CR’s.
In a linear medium the field vectors E, H, D, and B are
linearly related. The derivation and justification of the
CR’s in optically active anisotropic media were the main
topic of several papers.?’32 However, there is little
agreement on the form of the CR’s that best describe
these media. We can select an appropriate set by follow-
ing a few established guidelines.

Nonsymmetric sets of the CR’s, such as that derived by
Born,?® are not considered because they have been shown
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to characterize nonreciprocal media.?33% The contro-
versy over which field vectors should be paired has ex-
isted for a long time.?3? We conclude that it is physi-
cally more meaningful to pair (E, B) and (D, H) but it is
more convenient to pair the mathematically analogous
vectors (E, H) and (D, B). I chose the latter set of pairs
since we can determine H and E experimentally inside a
material.?® In addition, Silverman®? suggested that the
fundamental forms of physically acceptable constitutive
relations should be invariant, as in ME’s, under the dual-
ity transformations of fields.*! Following this guideline,
it would be impossible to establish duality transforma-
tions for the paired fields (E, B) and (D, H) in contrast to
(E, H) and (D, B). Consequently, we adopt the follow-
ing set of CR’s in lossless media®®:

D=¢-E+ ¢-H, (3a)
B=¢ E+ - H, (3b)

where € = € and @ = u' are Hermitian tensors. Note
that & is not invariant under a spatial inversion*! and,
hence, is a pseudotensor that can occur only in a medium
without a center of symmetry.

The properties of various electromagnetic effects in
nonconductive media can be found in the literature,283%42
and they are summarized with the time-frequency trans-
formations in Table 1. In a stationary medium Re(9)
= (_), and hence £ = iy, where ¥, the optical activity ten-
sor, is real. Rewriting the CR’s in terms of the relative
dielectric, permeability, and optical activity tensors, we
obtain

D= ¢e- E+ic'y-H, (4a)

B=—-ic'y - E+ pou - H. (4Db)
C. Gyrotropic—Gyrochiral Media
Gyrotropic—gyrochiral media are characterized by the

chirality, permittivity (dielectric), and permeability ten-
sors

1 ¥ O
y=|=% 71 0], 5)
L 0 0 Y2
[ 61 ifx O M1 l,le O
e=|-ie. e O, m=|-ip. m 0| (6
0 0 €9 0 O Mo

The tensor % describes the optical activity of several
types of crystal®®*34* that include biuniaxial crystals

Table 1. Properties of Various Electromagnetic
Effects in Nonconductive Media

Not Necessarily

Type of Effect Dispersive Essentially Dispersive

Reciprocal Linear dielectric and Natural optical activity
magnetic birefringence Im(¢) — Im(§)
Re(e, w) — Re(e, )
Nonreciprocal Fresnel-Fizeau effect Dielectric and magnetic
in moving media Faraday effects

Re(é) — —Re(&) Im(e, u) — —Im(e, w)
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[monoclinic (class 2) and orthorhombic (classes 222 and
mmZ2)], uniaxial crystals [tetragonal (classes 4 and 422),
hexagonal and triangular (classes 3, 32, 4, 422, 6, and
622)], and isotropic [cubic (classes 432 and 23)]. It has
been shown*>*% that the maximum value of the chirality
coefficient y in an isotropic medium is eu.

€, and u, are the contributions of the Faraday effec
that occurs in a ferrite or when a constant magnetic field
is applied to isotropic materials or along the optic axis ¢ of
a uniaxial material such as rubidium nickel fluoride and
ytterbium orthoferrite.*’

A gyrotropic—gyrochiral medium provides cross cou-
pling between the electric and the magnetic fields and
gives rise to special effects that would not appear in the
presence of either the chirality or the Faraday effect
alone. It may occur in ferromagnetic materials such as
gallium iron oxide in antiferromagnetic materials such as
chromium oxide, or in spontaneously magnetized materi-
als without application of an external biasing magnetic
field, such as a ferrite.

t26

3. HOMOGENEOUS EQUATIONS

ME’s are sets of coupled equations that can be manipu-
lated, together with the CR’s to yield equations in which
each of the field vectors E, D, B, and H is satisfied sepa-
rately. In terms of the antisymmetric matrix (k X i),
where I is a 3 X 3 identity matrix, we can rewrite the
ME’s as

(k xI) - E = 0B, (7a)
(k xI) - H= —wD, (7b)
k-D=k-B=0. (7¢)

ME’s in conjunction with the CR’s lead to the following
homogeneous equations:

I+M-N)-E=0, (8a)
I+N-M) - -H=0, (8b)
where M and N are given by
M = () ! [ic 'y + (k X I)/w], (9a)
N = (uom) ' - [ic 'y + (k X D/o]. (9b)

Equation (9b) was obtained from Eq. (9a) by application of
the following duality transformations:

Y

E—- H, D— B, € m,
(10a)
H- -E, B--D, e u,
¢, w, k= ¢, o, K, (10b)

under which the ME’s and the CR’s remain invariant.
Equations (8) are valid if |e| # 0 (*e€, # €;) and |u|# 0
(Tpy # p1).

If only one determinant is zero, say, |¢| = 0, then Eq.
(8b) cannot be given in a simple form but Eq. (8a) can be
rewritten in the following form:
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{eoe + [ic ™y + (kX D/w] - (mom) - [ic 'y
+ (kX D/wlly7 - E=0. (11)

If ¢ = 0 and || = 0 simultaneously, then the homoge-
neous equations can be derived only if

lic 'y + (k X I)/w| # 0.

4. DISPERSION EQUATION

The dispersion equation characterizes the behavior of a
plane wave in a medium. It relates the components of
wave vector k to the dielectric, permeability, and chirality
coefficients and to the angular frequency w of the wave.
It is also the equation of the wave vector surface that is
mapped by the tip of k as it changes its direction in space.

A nontrivial solution for the homogeneous equations
[e.g., Eq. (8a)] exists only if [T + M - N| = 0. This deter-
minant must be real because (e - M - N) and e are Her-
mitian tensors, and it yields

I+M-N =1+ (M-:N), + [adj(M - N),
+|M-N| = 0. (12)

Substituting Eqs. (56)—(7) into Eq. (12) and rearranging
the terms in the order of the power of the refractive index
n = k/k,, we obtain

Dun* + Dsn® + Don? + Din + D=0,  (13)
where
Dy = (e3pg — y2*)(cos a)* + (e1p1 — 1%)(sin a)*
+ (e1m2 + €1 — 27172)(cos @ sin @)%,

D3 = 2[yi(€apyx + €xpt2) — valerpy + 1))
X cos a(sin a)?,

Dy = —2(eas — Y2712 = %:2) + (€11 + €xpty)]
X (cos a)® + [—2y1ya(e1py + €py) + (€1ug

+ eapr + 2y172)(v1® + %) — erealpr® — w)
- ,U~1M2(512 - fxz)](Sin a)?,

Dy = —4yi(e1p, + €pi)(eapg — v5%)cos a,

Do = (eamz — vo2){[(€1p1 + €py) — (11° + %H)]?
= (e1p, + €u1)?}, (14)

where « is the angle between the wave normal k and the
direction of the constant magnetic field B,. In general,
this quadratic equation can have four different solutions
for the index n, but we can show that, for small values of
€, 1., and vy, two values of n are positive and the other
two are negative according to Descartes’ rule of signs.
Since D3 and D; are odd functions of sin «, we expect
the values of n to be nonsymmetrical in opposite direc-
tions of propagation (when @« — 7 + a=D3;— —Dj3 and
D; — —D;). This nonsymmetrical effect can be used to
build or improve nonreciprocal optical devices. It van-
ishes when either the chirality or the gyrotropy vanishes.
The quartic dispersion equation is rendered quadratic
when D3 = D; = 0, which is satisfied if one of the follow-

Habib Taouk

ing conditions occurs:

(a) Y1 = 9 = 0, which occurs in either a nonchiral me-
dium or in a crystal of class 11, 16, or 23 according to Voi-
ght’s classification,*®

(b) €, = p, = 0, which occurs in the absence of the Fara-
day effect,

(c) (e1/p1) = (€9/py) = —(€,/p,), which occurs in an ini-
tially singly refracting medium of a spherical or ellipsoi-
dal index vector surface that is placed in a constant mag-
netic field,*’

(d) (e1/pm1) = —(e./p,) and y; = 0.

For comparison, Fig. 1 plots the index vector surface
that has rotational symmetry around the ¢ axis for a gen-
eral case and for special cases. Analytical solutions for
the dispersion equation can be obtained in the two special
cases when the wave propagates either perpendicular or
parallel to the constant magnetic field.

When the wave vector is perpendicular to the magnetic
field (kL ¢), cos @ = 0 and the dispersion equation be-
comes quadratic (D; = D3 = 0), yielding two symmetri-
cal values for n. Equations (14) become

D, = (e1p1 — 712), D;=D,=0,

Dy = =2y ys(€e1p1 + ) + (€10 + €01 + 2¥172)
X (12 + 70 — e6(p® — p)

- M1M2(€12 - fxz),

S
|

= (eamg — v [(e1m1 + €u) — (712 + %D 1?
— (e1py + €uq)?} (15)

0
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(d) Gyrotropic-GyroChiral Medium:
€ =0.4, Itx =0.15,
Y1=0.1, ¥2=0.15 &¥x =0.2

{(b) &x =mx=0,
¥1=0.1,¥2=0.15 & Yx =0.2

Fig. 1. Refractive-index surfaces for a gyrotropic—gyrochiral
medium when €; = 2.5, e = 2.3, u; = 1.08, and u, = 1.05 (a)
in the absence of optical activity, (b) in the absence of the Fara-
day effect, (c) in the absence of chirality, and (d) in a general
case.
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The solution of the dispersion equation is n2 = [—D,
+ (Dy%2 — 4D,Dy)Y?1/2D,, but it involves many terms
that do not allow for a simple observation for the effect of
each element separately. We can prove, however, that
this direction is not an optical axis even if 3 = 0.

5. WAVE PROPAGATION IN THE
DIRECTION OF THE MAGNETIC FIELD

When the plane wave propagates in the direction of the
applied magnetic field, sin @ = 0 and the solutions will be
given in terms of cos @ = *1 because it covers both cases
when k is parallel and antiparallel to ¢.

A. Refractive Indices

Substituting sin @ = 0 into Eqgs. (14), we get

Dy = (egpg — 722), D; =0,

Dy = —2(eus — ) (71? = %) + (e1p1 + )],
Dy = —4yi(€e1p, + €p1)(€ats — yo?)cos a,

Dy

(6o — Vo) {[(€1p1 + €py) — (v12 + D12
- (Ellux + Exlu‘l)z}' (16)

Substituting these terms into Eq. (13) and dropping the
factor, (egus — 7v92), We get

n* = 2[(1% = %) + (e1m1 + ) In?
— 4yi(eqpy T €pug)cos an + [(equg + uy)
= (y2 + v = (e1py + eu)? =0, (A7)

which can be factorized to yield the following two equa-
tions:

n® — 2y cos an — (expu, + euy) — (€1pr + €uy)
+(n” + %) =0, (18a)

n?+ 2y cos an + (ep, + euy) — (11 + €py)
+(n®+ %) = 0. (18b)

Equations (18) can yield three different solutions:

ny = vy;cos a+ \JA; Ay >0, JA{> — y;cosa,

(19a)
n2=—ylcosa+\/A_2 Ay > 0, \/A—2> Y1 COS a,
(19Db)
y1 cos a — A, A;>0, y,c08 > A, >0
" fylcosaf\/A_Q Ay > 0, ylcosa<—\/A_2<0’
(19¢)
where
A1 = (61 + ex)(lul + lu’x) - 7x27 (20a)
Ay = (1 = &) (H1 = My) — 7x2~ (20b)

From Egs. (19) we observe that any combination of the
refractive indices n;, ny, and n; can exist, depending on
the values of €1, €,, u1, x> v1, @and y,. In particular,
we obtain trirefringence, say, for cos a= +1, if the follow-
ing condition is satisfied:

0<A;<y2<A,, 21
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which necessitates that (e;ju, + €,u1) <0 and (ejuq
+ €.y) > v,2. This is possible when vy, has values that
are comparable to \e;u; and when €,u, < 0. However,
we can easily show that, when trirefringence occurs in a
certain direction of propagation, only one plane wave can
propagate in the opposite direction. In addition, we
should take some risk in mentioning that in this case two
of three refractive indices are close to zero. If this is
physically possible, it has many scientific implications,
and for this reason it deserves more attention.

It is also worth mentioning that, from symmetry con-
siderations around the axis ¢, the values of €,, s, and
9 have no bearing on the existence of the refractive indi-
ces, although they affect the shapes of the refractive-
index surfaces.

B. Directions of the Field Vectors and Wave
Polarizations

To determine the direction of the electric field vector for
each of the refractive indices n; and n, that are given in
Egs. (19), we first introduce the following parameters:

a = (61M1 + Ex:“x)) d= (712 + 7x2)7
b = (Ell'l’x + Ele)?
didy = (&1 — &) (1 — w*) = a® — b2 (22)

In terms of these parameters, Eqgs. (18) can be rewritten

as follows:
(for ny) n?— 2y, cosan—a—-b+d=0, (23a)
(for ns) n?+ 2y cosan—a+b+d=0. (23b)

To show that E and H are perpendicular to ¢ (or to k),
we dot multiply Eqgs. (4) by ¢, set the result to zero [after
Eq. 1(c)], and get

(€ - E) + iyy(¢ - H) = —iyy(c - E) + py(¢ - H) = 0,
which leads to

(€9 — 722)(6 - E) = (eug — 722)(6 - H) = 0.
(24)

Therefore, for (equqs—7y92) # 0,
c-E=c-H=0. (25)

Hence E and H are perpendicular to the direction of
propagation. Now, let

A=T+M-N), (26)

where N and M are given by Egs. (9). Then the homoge-
neous equation [Eq. (8a)] becomes

A-E=o0, 27

and it provides the solution for the electric field vector.
Because |A| = 0 (that is, the dispersion equation), we can
write?8

A -adjA=|AI=0. (28)
Two possible cases can exist, as follows.

1. adj(A)#ﬁ (A is planar)
Postmultiplying Eq. (28) by an arbitrary vector u, we get
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A [(adj A) - u] = 0. (29)

Comparing Eq. (29) with Eq. (27), we obtain the direction
of E:

e=(adj A - u (30)

As u is an arbitrary vector that does not make (adj A)
- u = 0, we choose u L ¢, evaluate (adj A) - u, and ar-
range real and imaginary factors. We get

e=Xu-—iY(¢c X u), (31)
where
X=dds —an®+d)—2by,cosan, (32a)
Y =0b(n%+d)+ 2by; cos a n. (32b)
Substituting Egs. (23) into Egs. (32), we get

(for nq) Y=-X=(a+b)(b+ 2y, cos an),
(33a)

(for ns) Y=-X=(a—-b)b+ 2y, cos an).
(33b)

Therefore, after substituting Eqgs. (33) into Eq. (31) and
dropping the nonzero scalar factor, we find the directions
of the electric field vectors:

(for n,) e;=u+i(cXxXmu), (34a)

(for ny) e, =u—i(¢Xu). (34b)

The directions of the magnetic field vectors can also be
found by use of the following identity that is derived from
ME’s and the CR’s:

H= (cuop) [iy+nkxD]}-E=0. (35
They are given by
h, = By[u + i(¢ X w], (36a)

hy = Bofu — i(é X w)],  (36b)

(for n,)

(for ny)

where

Bio = i[cpmo(pr * pe)] '[y1 + 1 cos a * iy,].
37)
Therefore the two electric fields are circularly polarized
and rotate in opposite directions. In addition, because
e; - e;* = 0, the two electric field vectors are orthogonal
to each other, and they are also perpendicular to the di-
rection of propagation. For cos a = +1, e; and e, are
right-handed and left-handed circularly polarized, respec-
tively. For cos @« = —1, e; and e, are left-handed and
right-handed circularly polarized, respectively.

2. ade:(_) (A is linear)

A must be represented by a single dyad, that is, A
= ab. After expanding 1_&, we find that it can be written
in the form A = Aée + BI + C(¢ x I). Conditions for
the linearity of A lead us to the following expressions:

(a +b)(b+ 2y, cos an) =0, (38a)
(a —b)(b+ 2y, cos an) =0, (38b)

which are the scalar factors that we considered nonzero in
Egs. (33). We observe the following:

(for n)

(for ns)
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(a) If (b + 294 cos a n) = 0, then, according to Egs.
(23), the two refractive indices n; and n, are equal.
Therefore ¢ becomes an optical axis in one direction but
(—¢) does not. In this case the wave may have any po-
larization and is subject only to ME’s.

(b) Ifa+b=1_(e + €)u; + p,) =0 (for ny) then,
according to Eqs. (19) and (20), n; does not exist. In this
case, n is in the cutoff mode.

(¢) Ifa — b= (€ — €)(ug — u,) = 0 (for ny), then,
according to Eqgs. (19) and (20), ny does not exist. In this
case, ny is in the cutoff mode.

C. Poynting’s Vector and Energy Density

Letting the electric field vector be given by E = Ae; sub-
stituting Eqgs. (34) and (36) into the time-averaged Poyn-
ting (or power density) vector identity

(P) = 1/2 Re(E x H*), (39)
we obtain
(Py) = Re(—i|A]?B*)¢
= |AP[epo(pr = p)] 7"
X (nygcos a F y;)e. (40)

Substituting for the values of n; 5 from Egs. (19) into Eq.
(40), we get

(P12) = |AP[cpo(pr = py)] [cos ayAjgle.  (41)

Therefore, when k is parallel to ¢, the power is trans-
mitted in the same direction. In addition, the power that
is carried by either wave is the same in opposite direc-
tions in spite of the nonsymmetry of the refractive indi-
ces. This fact is useful when phase differences are
sought without compromising the symmetry of the power
density.

We can show that, in an optically active medium that is
characterized by the CR’s in Egs. (4), the average energy
density is given by®°

19

(W) = 35— [© Re(E - D*)]

1 a  _
= § (EOE* . 5[(,06((,0)] - E

1 L0 )
—ZImE ~£[w'y(w)]-H . (42)

Reevaluating Eq. (42) for ki¢ and making use of Eq. (37),
we get

wle; = €)] N

+ -1
o (M1 = py)

<W1,2> = €0|A|2[

N wy1)
20}

N wyy)
(y1 £ nygcos @) — (?wx Vol

(43)

Knowledge of the dependency of the elements on the
frequency is expected before the average energy density
can be evaluated.

The energy velocity, which is given by Vg = (P)/(W),
can easily be evaluated after the energy density is known.



Habib Taouk

Its direction is along the real-time average of the Poyn-
ting vector, which is parallel to the direction of propaga-
tion in this case.

6. SUMMARY

In this paper we have investigated the characteristics of
electromagnetic wave propagations in linear, homoge-
neous, source-free, lossless, biuniaxial, gyrochiral, and gy-
rotropic media. The dispersion equation was derived,
the nonsymmetrical values of the refractive indices in op-
posite directions of propagation were observed, and the ef-
fects of the various parameters were discussed. In addi-
tion, closed-form solutions for the refractive indices and
the field vectors were derived for waves propagating in
the direction of the applied constant magnetic field. We
also showed that waves propagating in this direction are
circularly polarized, except when the two refractive indi-
ces are equal. In such a case there is no restriction on
the wave polarization. Furthermore, we showed that,
theoretically, it is possible for trirefringence to occur. If
trirefringence is physically achieved, it will have far-
reaching effects and many applications. In addition, the
energy equations were derived.
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